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Abstract. Exact cable theory is used to calculate voltage
distributions along fully myelinated axons and those with
various patterns of demyelination. The model employed
uses an R-C circuit for the soma, an equivalent cable for
the dendrites, a myelinated axon with n internodes and a
cable representing telodendria. For the case of a voltage
clamp at the soma, a system of 2n + 1 equations must be
solved to obtain the potential distribution and this is
done for arbitrary n. An explicit calculation is performed
for one internode whereas computer-generated solutions
are obtained for several internodes. The relative impor-
tance of the position of a single demyelinated internode
is determined. An approximate expression is given for the
critical internodal length necessary for action potential
generation.
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Introduction

There have been many experimental and theoretical in-
vestigations of the electrophysiological properties and re-
sponses of myelinated nerve. In an early study, Rushton
(1951) arrived at a relation between internodal length and
the outer and inner diameter of the nerve fiber. A detailed
analysis by Koide (1975) resulted in a formula for the
characteristic length of myelinated nerve in terms of
membrane and axoplasmic resistivities, diameters and in-
ternodal length. In an earlier analysis of cable model,
Scott (1964) studied the relation of internodal length to
velocity of propagation and found a linear relationship
prevailed when the internodal length was large. Bement
and Ranck (1969 a, b) performed an experimental and the-
oretical study of myelinated nerve in the dorsal column of
cat. Using steady state cable theory for an infinite myeli-
nated axon, they obtained reasonable fits to experimental
data on such quantities as threshold current versus dis-
tance from an extracellular stimulating electrode.
Action potentials at nodal membrane were carefully
subjected to analysis by Dodge and Frankenhaeuser

(1958, and many subsequent papers) and a set of differen-
tial equations obtained for the transmembrane potential
and ionic conductance variables by Frankenhaeuser and
Huxley (1964). These equations are similar to the space-
clamped Hodgkin-Huxley (1952) equations. In conjunc-
tion with passive models of internodes, such equations
have been used to study action potential propagation in
myelinated fibres (Moore et al. 1978; Waxman and Brill
1978). A somewhat surprising finding was that nodal
properties had little effect on speed of conduction and
that the latter was also insensitive to changes in in-
ternodal length. .

An experimental model of demyelinated nerve which
employed diphtheria toxin was studied by Rasminsky
and Sears (1972). Internodal lengths in rat ventral root
fibers ranged from 0.75 to 1.45 mm. It was found that,
after demyelination, inward current still occurred only at
nodes and that internodal conduction time increased by
up to an order of magnitude. Cable properties of demyeli-
nated internodes were altered as capacitance increased
and transverse membrane resistance decreased. Further-
more, the refractory period increased. A companion theo-
retical study (Koles and Rasminsky 1972) employed the
Frankenhaeuser-Huxley equations to calculate nodal
voltages and a compartmental model for the internodes
in a fibre with 21 nodes. Thus only ordinary rather than
partial differential equations were used. The effects of al-
tering the thickness of myelin were considered. As the
thickness of the myelin was reduced in a single internode,
the internodal conduction time increased until at 2.7% of
normal thickness, conduction failed. A non-linear effect
was noticed in that the demyelination of two internodes
separated by a normal internode had more than double
the effect of demyelinating just one internode. Propaga-
tion in a demyelinated fibre was calculated to be much
more readily blocked by increased internal sodium or by
increased temperature than in a normal fibre.

There have been several other studies of the theoretical
aspects of myelinated nerve, including threshold effects
(Bell 1980), effects of extracellular stimulation (Rubinstein
1991) and the stability of solutions of the associated differ-
ential equations (Chen 1992). Many experimental and
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theoretical results of significance were discussed by
Ritchie (1984 a, b), including ion-channel properties and
distributions. The study of models of myelinated axons is
expected to be useful in helping to understand the effects
of pattern of demyelination occuring in diseases such as
multiple sclerosis (MS). In MS myelin sheaths are de-
stroyed or degenerate whilst the axon itself is preserved.
Manifestations, called plaques, may appear in various
locations such as the central white matter of the cerebral
cortex, optic tracts or spinal cord (Adams 1983). The na-
ture of the degeneration depends on location relative to
plaque centres. In the latter are found enlarged extracellu-
lar spaces with axons denuded of myelin and reduced
numbers of oligodendroglia (Andrews 1972). More dis-
tant from the plaque centres some axons are found which
have undergone complete demyelination whereas in oth-
ers there is partial demyelination in which degeneration is
restricted to one or several internodes whilst adjacent
internodes remain intact. Furthermore, there may be an
increased frequency of nodes of Ranvier with a concomi-
tant increase in the number of shorter internodes.

The study of propagation of action potentials in such
a variety of geometries is complicated using full nonlinear
models, especially when space variables should be treated
as continuous. In this note we will focus attention on a
simple model which it is hoped can be used to provide
some indications as to the effects of patterns of demyeli-
nation on transmission in nerve. We will employ the ap-
propriate cable theory which offers the advantage of
yielding exact solutions for any number of segments and
for any combination of parameters required. However,
cable theory has the deficiency of not naturally embracing
action potential instigation or propagation so that the
methods employed here are mainly useful in the study of
localized phenomena. Nevertheless, an approximate but
useful study of certain aspects of action potential propa-
gation is possible using threshold criteria, as will be illus-
trated in the last part of this article.

Model description and notation

Although transmembrane potential differences for neu-
rons can be obtained, in principle, by solving nonlinear
systems of differential equations by numerical methods
(see for example Tuckwell 1988 b), the results for different
geometries are difficult to generate and also to present.
The paucity of exact theoretical results for the electro-
physiological responses of nerve cells renders it desirable
to pursue such results when they can be relatively easily
obtained. We will illustrate this principle by determining,
with the aid of distributed cable theory for nerve segments
(as opposed to compartmental models), exact values of
the voltage distributions along myelinated axons in the
steady state. It is assumed that the axon emanates from a
some-dendritic system at one of its ends, whereas at its
other extremity is a branching telodendritic system whose
nerve terminal endings are presynaptic to a muscle or
another nerve cell. As will be demonstrated, the potential
distribution along the cable can be found for an arbitrary
set of electrophysiological parameters.

The model neuron we are employing has the following
components: (i), a cylinder representing a dendritic tree
which is assumed to be sealed at the end representing the
dendritic terminals; (ii), an R-C circuit representing the
soma, this being adjoined to the dendritic cable; (iii), a
myelinated axon emanating from the soma and having an
initial (unmyelinated) segment, n—1 nodes and n in-
ternodes; and (iv) a cylinder affixed to the n-th “in-
ternode”, representing the branching telodendria. With
regard to (iv), we are considering a situation which is
amenable to the usual mapping procedures from tree to
cylinder (Rall 1962; Walsh and Tuckwell 1985) because
including the geometric details of a complex telodendritic
structure would make the analysis unnecessarily compli-
cated and would yield little, if any, additional insight. The
consideration of the telodendritic cable is a feature of the
model which has not been previously included.

The various nodes and internodes are not assumed to
have the same properties. Although the notation is there-
by made a little more cumbersome, one may then address
the effects of local changes of the myelin sheath. Since we
will consider the important case of a voltage clamp at the
soma, it will be unnecessary to describe the responses in
the dendritic tree as these will be independent of the re-
sponses in the axon and telodendria. All space coordi-
nates are given below in the electrotonic lengths relative
to the structure concerned. To apply the results of a calcu-
lation it is only necessary to obtain the electrotonic
lengths from physical lengths by dividing by the appro-
priate space (length) constant. The latter can be obtained
from resistive and geometric properties. We put:

L, =electrotonic length of the initial segment;

L, =electrotonic length of the telodendritic cable;

L, =electrotonic length of the k-th internode,

k=1,2,....nm

S, =electrotonic length of the k-th node, k=1,2,...,

n—1;

U (X) =electrical potential at points whose distance is X

along the initial segment, 0< X <L,;

V (Y)=electrical potential at points whose distance is Y

along the telodendritic cable, 0<Y <L;;

U, (X,)=electrical potential at points whose distance is X,

along the k-th internode, 0< X, <L,, k=1,2,...,n;

V, (Y, )=clectrical potential at points whose distance is Y,

along the k-th node, 0<Y, <M,, k=1,2,...,n—1.
Furthermore, we let the reciprocals of the internal re-

sistances of characteristic lengths of the various cable

segments be as follows:

g, for the initial segment;

g, for the k-th internode, k=1,2,...,n;

y, for the cable representing the telodendria;

¥s» for the k-th node, k=1,2,...,n—1.

The reciprocals of these quantities (conductances) are
introduced because they occur frequently in the calcula-
tions.

Determination of the voltage distribution

Under the above assumptions, the voltage over the vari-
ous segments satisfies a second order differential equa-



tions whose solutions are well-known (see for example
Tuckwell 1988 a). Then we have on the initial segment and
telodendritic cable,

U(X)=acosh X +bsinh X,
V(Y)=ccosh Y +dsinh Y,

whereas on the internodes and nodes,
U, (X,)=a, cosh X, +b, sinh X,,
V.(Y,) =c,cosh Y, +b,sinh Y,

where g, b, ¢, d and the a, b;, ¢, d, are constants to be
determined by applying the following boundary condi-
tions.

A Voltage clamp at the soma

Putting X =0 and assuming the soma is clamped at V,, we
must have

a=V,.

B Continuity of potential

At the junction of the initial segment with the first in-
ternode, continuity of potential implies U (L,)= U, (0) so
that

acoshL;+bsinh L, =a,.

Applying the same condition at the junction of the k-th
internode with the k-th node yields

a,cosh L +bcosh L,=c,,

where k varies from 1 to n—1. Further application at the
junction of the k-th node with the (k+ 1)-th internode,
gives

¢, cosh M, +d, sinh M,=a,, ,,

for values of k from 1 n-1. Finally, for continuity of poten-
tial at the junction of the »n-th internode and the teloden-
dritic cable, we require

a,cosh L, +b,sinh L ,=c.

1 0 0 0 0 0
C, S -1 0
g8 g9¢ 0 -g, 0 0
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0 0

0

0

0
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C Conservation of current

At the junction of the initial segment with the first in-
ternode, conservation of axial current requires that
gU’(L;)=g, U/ (0). Upon substituting the above expres-
sions for U and U, this gives

glasinh L;+bcoshL;)=g, b,.

Similarly by considering the junction of the k-th in-
ternode with the k-th node,

g, (a, sinh L, + b, cosh L,)=y, d, ,

where k varies from 1 to n — 1. Current conservation at the
k-th node, (k+1)-th internode junction yields

Vi (i sinh My +d, cosh M) =g, 1 by, 4,

with k between 1 and n— 1; and at the junction of the n-th
internode with the telodendritic cable,

g, (a,sinh L,+b,cosh L,)=yd.
Finally, on employing a sealed-end (zero flux) boundary

condition at the remote end of the telodendritic cable, so
that V'(L,)=0, the following equation ensues:

csinh Ly+dcosh Ly =0.

Altogether there are 4n+42 constants: a, b, ¢, d,
Ayoeees Oy byyo, by s 6 p,dy, .., d _,, and we
have 4n+ 2 equations relating these constants. To solve
the equations it is convenient to introduce matrix nota-
tion. Define the vector x of required constants to have the
transpose

x"=[a,b,a,,b,c\,dy,...,a,_1,b,_1,¢0_1,d, 1, a,,b,,cd]
and the vector b with transpose
b'=[v,,0,0,...,0],

which also has 4n+ 2 components. Then the above 4n+2
equations can be described by the matrix equation

Ax=h.

Before defining the matrix A, we introduce for brevity,
C,=cosh L;, S;=sinh L;, C,=cosh L,, S,=sinh L,,
and

D,=cosh M,, T,=sinh M, C,=cosh L,S; =sinh L.
Then A is the following (4n+2) X (4 n+ 2) matrix:
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Here the first and last three rows of A are given explic-
itly. The inner sub-matrix displayed has as its upper-left
corner element, the element in the 4k-th row and (4 k— 1)-
th column of A. All other elements are zeros.

Solving a linear system is efficiently performed if the
coefficient matrix is trigidiagonal in form. Before trans-
forming A to this form we introduce some further con-
stants:

A;=g/C;, Bi=95;/Cy, Ai=6:/C
B,=g, 8,/Cy, Ex=7:/Dy, =7, T/Dy,
where k varies from 1 to n—1. Then the above system

takes the form Bx=5, with b being unaffected by the
transformation and where B is the tridiagonal matrix,

G S5 -1 0 0
0 4 B -g, 0

The required solution vector x can now be easily ob-
tained recursively (Thomas’ method, see for example
Tuckwell 1988 b).

Applications
An exact calculation for n={

Suppose there is just one internode adjoining a soma-
dendritic system at one end and a branching synaptic
terminal structure at the other. Thus n=1 and there are
six equations for the six constant a, b, a,, b,, c and d. On
the initial segment the depolarization is

U(X)=acosh X+bsinh X, Xe[0, L,],
whereas on the internode it is
U,(X,)=a,cosh X, +b,sinh X,, X,€[0,L,],
and on the telodendritic cable it is
V(Y)=ccoshY+dsinh Y, Ye[0, L.].

The tridiagonal matrix B has 6 rows and columns and the
corresponding system can be solved explicitly. The coeffi-
cients required are as follows:

—A, TS,

d =
Cr (B B+A,0+S5:78

G S A1 0 0 0
0 4 B, -y O 0
0 0 D T, -1 0
0 0 0 E. F Gy
0 0
0 0
L 0 0

=A11"+yﬂd
B;B+A4x
ac—1TI
b =
! B
A C Vi+g, 8 b,
a,=
o
a,—C, V.
b — 1 17s
S
a =V,
0 0 )
0 0
0 0
¢, S, -1 0
0 A, B, -7y
0 0 St Cy

where we have defined

o =B; 5,1+ 4,
B=8D+Cg:5
F=C1A1C[Vs.

To evaluate these expressions it is desirable to have phys-
iological values of the parameters, g, g, y, and the elec-
tronic lengths L, L, L. There is a paucity of such data,
but a cell with properties similar to a typical mammalian
peripheral nervous system fibre with overall diameter 13 p
was chosen for consideration. Based on the information
available (Rall 1977, Ritchie 1984 a, b) it was assumed that
characteristic lengths were 300 p for the initial segment
and telodendritic cable and 1.2 cm for the myelinated
internode. Hence the following values were adopted;
L,=03,L,=0.1and L, =0.6, corresponding to physical
lengths of 1.2 mm for the myelinated internode, 90 p for
the initial segment and 180 p for the telodendritic cable.
The remaining parameters were setat g=10"6,g,=10""
and y= 105, The upper (solid) curve in Figure 1 A shows
the potential distribution along the neuron from soma to
synaptic terminals when a voltage clamp of V,=10 mV is
applied at the soma. (Note that the results are proportion-
al to ¥, because of the linearity of the model.) The length
scale in this figure is in physical units (i) and is not elec-
trotonic. The potential drop across the internode is only
about 3 mV which is the same order of magnitude as the
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Fig. 1. A Calculated voltage distribution from the soma to the
synaptic terminals in the case of one internode with and without
myelin. Here and in figures 1 B and 2, voltages are in millivolts with
the somatic voltage fixed at 10 mV. B Voltage distribution in the
case of two myelinated internodes and when the myelin is removed.
The word “node” marks the position of the node

drop on both the initial segment and telodendria, even
though the internode is about ten times as long. The
effects of removing the myelin sheath entirely are dramat-
ic and are shown in the dashed curve of Fig. 1 A. Here, for
the same physical dimensions and all other parameters
the same except for the characteristic length of the in-
ternode, so that L, is now 4.0, the voltage is greatly re-
duced, by up to a factor of thirty at the end of the teloden-
dritic cable.

Computer-generated solutions for n>2
Figure 1 B shows the voltage along the axon in the case of

two internodes. The upper curve is for the case of intact
myelin sheaths, where now there is a node of Ranvier (at

voltage
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VOLTAGE DISTRIBUTIONS ALONG MYELINATED FIBRES
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Fig. 2. Voltage distributions along the axon in the cases of 1, 2, 3

and 10 myelinated internodes. The dashed line is the calculated
potential when the nodes are ignored

the position marked “node”) whose physical length was
taken as 3 p and whose electrotonic length is S, =0.01.
The value of y, was set at 10~ ©. Notice that the voltage at
the synaptic terminals is not significantly changed, even
though the length of the axon has been approximately
doubled. The lower curve in Figure 1 B shows the dra-
matic effects of demyelination. In this case the voltage at
the synaptic terminals is enhanced by a factor of over
1000 by the presence of myelin.

Figure 2 illustrates the effect of adding more in-
ternodes, all of which are assumed to be myelinated. Here
each internode is assumed to be 2000 pu and to have a
characteristic length of 0.5 cm and g, =(7 x 107) ! for all
k. Because the telodendritic cable is so short compared
with the fibre length, it is not possible to discern the zero
derivative boundary condition at the terminal. It can be
seen that the drop in potential is approximately exponen-
tial along the entire structure when the number of in-
ternodes becomes 10. The upper curve in this figure is the
result of the calculation for 10 internodes when the nodes
themselves have been taken out: that is, a uniform myeli-
nated cable. It can be seen that the voltage distribution is
very little affected.

We also investigated the effect of varying the position
of one demyelinated segment. To do this it was assumed
that an action potential had in fact propagated to the k-th
node from the synaptic terminals (i.e., node n—k), thus
making ¥, (M, )=100 mV (this voltage affecting the cal-
culations proportionally) and that the internode immedi-
ately closer to the terminals (ie., internode n—k+1) was
completely demyelinated. The question was whether de-
myelination would be more deleterious closer to the telo-
dendria. Figure3 shows how the depolarization,
U,xry (Ly-y+1) at the end of the missing internode
changes as k increases. (The smaller k is, the closer the
missing myelin to the synaptic terminals). It can be seen
that although the voltage at the end of the missing myelin
is more adversely affected when k is small, the difference
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Fig. 3. Showing the effects of the position of one demyelinated
segment on the voltage at the terminals. For details of the calcula-
tion, see text

is only about 10% as the position of the demyelinated
segment changes from being extremely close to the termi-
nals to being proximal to the cell body. Assuming a
threshold of about 10 mV for action potential generation
at the next active site, the cable calculations indicate
propagation failure regardless of the location of the miss-
ing myelin, although a missing segment of myelin closer
to the terminals has a somewhat more negative effect than
a missing segment further upstream.

An approximate upper bound for internodal length

When a nerve impulse propagates from a zone near the
cell body to the synaptic terminals, the action potential is
renewed at each node. Thus the signal at, say, the k-th
node from the cell body must generate at least a threshold
signal at the (k+ 1)-th node. Working approximately with
voltage criteria, let us assume a peak voltage of V, and a
threshold voltage of ¥,. Now from points remote from the
synaptic terminals the axon further on acts like a semi-in-
finite one. If the voltage at a node is V,, then the signal at
distance x cm further along is roughly

Vx)=V,e ",

where 4 is the length constant. Note that we are considet-
ing the potential at the beginning and end of an internode
so that only the length constant for the internode is in-
volved. Letting the internodal length be L, we require for
a threshold crossing at the next node,

—Lj%
V,e Hi>T,.

Rearranging this inequality leads to the approximate re-
guirement

Vs
IL<iln <70) R

which provides an upper bound for the internodal length.
Since 4 is expressible in terms of fundamental physical
constants (resistivities, membrane thickness and axonal
diameter), this gives an approximate upper limit for the
internodal length in a myelinated nerve in terms of those
constants. For example, Rubinstein (1991) employed a
length constant of A= 589 i, which, on using the standard
values ¥,=100mV and V,=10mV, gives the approxi-
mate upper bound of 1.36 mm for the internodal length.
This is very close to reported figures for the internodal
distance.
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